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0.1 Introduction

The main purpose of this paper is to give an analogue on the real line of restric-
tion phenomena of Fourier transforms first discovered by E. M. Stein in higher
dimensions in the late sixties. In fact, we are going to establish a result on the
real line which is almost as sharp as the Stein-Tomas theorem. This theorem says,
for a function from the Lebesgue space LP(R™),1 <p < 2(n+1)/(n+ 3),n > 1,
that its Fourier transforms restricted to the unit sphere S”~! in n-dimensional
FEuclidean space is well defined and square integrable against the uniform measure
on S™~L. Starting in the seventies there have been many generalizations of this
result, mainly for situations where the unit sphere is replaced by some smooth
submanifold of R™ satisfying suitable curvature conditions, but similar questions
have also been discussed in the case where the Fourier transform is replaced by
a more general oscillatory integral operator (see e.g. [21, 6, 7, 18, 20, 16]). More
recently J. Bourgain[2] (see also, [3, 22]) has developed a method to improve on the
Stein-Tomas result for n > 3 —the case n = 2 was settled by Stein in [9]. The liter-
ature on the subject might suggest that these restriction phenomena are genuinely
n-dimensional aspects of Fourier Analysis (see, e.g.[10]). We will see however, that
a proper analogue of restriction phenomena for Fourier transforms can be devel-
oped on the real line. In part this point of view is motivated by a recent result
of J. Bourgain[4, 23] showing that the bounds conjectured by H. Montgomery[17,
p. 142] on finite Dirichlet sums imply that Kakeya sets, i.e. sets containing a line
segment in every direction in R"™, have Hausdorff dimension n. This conclusion is
known to follow in a more natural way from the conjectured optimal restriction
estimates for spheres, which in dual form state that

/n |fdo|P dx < C ||f|\12q(s"*1,da)’ W

for p > 2n/(n —1),q = oo and do being the uniform measure on S 1.

The question we ask here is whether we can replace, in (1), the measure do
by a probability measure du supported on a fractional dimensional compact set E
on R and still obtain the estimate (1) with appropriate nontrivial exponents p, g.
This, of course, requires that the Fourier transform of a measure du supported on a
set E of Hausdorff dimension a € (0,1) lies in LP(R) for some p < co. It is known
that this implies strong conditions on the structure of the set E and p > 2/a.
Now, by answering a question of A. Buerling, R. Salem in [19] constructed for
a fixed a € (0,1) and each € > 0 measures du supported on a set of Hausdorff
dimension o whose Fourier transform lies in LP(R) for p > 2/a + € (see [12] for a
nice historical background). For extensions of Salem’s result see [11, 13].

It seems natural to conjecture for the measures constructed by Salem that
the following (L9, LP)-estimate holds:

[ 1 o < C 1 2)

with p > 2/a + € and ¢ = oco. By multiplying the measure p with a nonnegative
weight function a factorization argument would allow us to lower the g-exponent.
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An interpolation argument with the trivial (L', L>°)-estimate would then give an
(L?, LP)-estimate which is essentially what we are going to proof here for the
original measure du.

We would like to point out that we cannot exclude the possibility that the
inequality in (2) does hold for all p > % + ¢ and ¢ = 2. Note that in case of the
sphere the sharpness of the Stein-Tomas result follows from the curvature of the
sphere, or, by considering the equivalent problem for the n-torus from the fact
that Z"N{R < |z| < R+ 1} contains an n — 1-dimensional arithmetic progression
of size R™~1/2, The analogue of this curvature condition for a 1/R neighborhood
of the set £ = supp(p) would be a suitable estimate on the size of an arithmetic
progression contained in it.

The importance of restriction theorems in analysis lies in their use to ex-
ploit certain cancellation properties of convolution operators. For example, the
Stein-Tomas result is central in understanding spherical summation operators cor-
responding to the Bochner-Riesz multipliers. The restriction theorems we are going
to show here will allows us to construct new LP(R)-multipliers which in a sense
play the same role that the Bochner-Riesz multipliers do in R™ for n > 1.

As a further application we will see that the algebras M,(I) C L*(R) of
bounded convolution operators on LP(R) whose corresponding multipliers are sup-
ported in an interval I have the property that M,(I) # M,(I) for 1 <p < g < 2.
The fact that the MZ')s are separated by characteristic functions has been shown
in [15] using Bourgain’s solution of the A,-problem.

0.2 Hausdorff and Fourier dimension

We will begin with a short review of two notions of dimension. For details we refer
to Kahane’s book [11]. By a theorem of Frostman it is known that if £ C R™ is
a compact set of Hausdorff dimension «, then there is a probability measure p
supported on E satisfying p(B,(x)) < Cr®, where B,.(z) denotes a ball of radius
r centered at x.
Therefore, the S-potential (0 < 8 < n) of p at a point = defined as
dp(y)
() = [ 0

is a bounded function as long as < « and this implies the finiteness of the

(B-energy of u defined as
dp(y)dp(x)
- | [0
ﬁ(:u) |JC — y|5

for # < . On the other hand the theorem of Frostman shows that if I,,(v) < oo,
for some probability measure v supported on a compact set F, then its Hausdorff
dimension dimpgFE > «. Since the Fourier transform of |z|~*,0 < a < n, is
C |z|*~™, one can show (see [5]):

Ia(u):C/n lauw)l®

|y|n—(x
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Thus I, (i) < oo provides some information on the size of c/l;\z, although it does not
even imply that d/;:(x) — 0 as z — oo (consider e.g. E = [0,1] C R?).

We define the Fourier dimension of a compact set £ C R", denoted by
dimp F, as the supremum of § > 0 such that for some probability measure du
supported on F

- _B
dp(e)] < Cla| 5.

Since the last inequality —or even the weaker assumption that 3/\1 € LP(R") for
p > 2n/F— implies I,(p) < oo for a < B, we always have dimp F < dimpg E.
In case F is a compact smooth a-dimensional submanifold of R™ and dy is the
measure induced by Lebesgue measure on R"™ we may expect an isotropic decay of
the form |z|~%/2 only under some conditions on the curvature and on the dimension
of E. Here are some examples:

(1) The unit sphere in R™ has Fourier dimension n — 1.
(2) The boundary of the unit cube in R™ has Fourier dimension 0.

(3) The Cantor middle third set has Fourier dimension 0 and Hausdorff dimen-
sion log 2/ log 3.

(4) R. Kaufman [13] has shown that for ¢ > 0 the set E; of those real numbers
x € [0,1] such that
llgz|| < ¢7'7
has solutions for arbitrarily large integers ¢, ||z|| denotes the distance to
the nearest integer, has Fourier dimension and Hausdorff dimension equal to
2

77 (see also [1]). The statement about the Hausdorff dimension for E; was

shown by V. Jarnik (see [8]).

These examples show that Hausdorff dimension and Fourier dimension do not agree
in general. This is not surprising since Hausdorff dimension measures a metric
property of a set, whereas the Fourier dimension measures an arithmetic property
of a set. However, the sets in examples (1) and (4) do have the property that their
Fourier dimension and Hausdorff dimension agree. Before R. Kaufman showed
(by a deterministic method) that the sets in example (4) share this property, there
were probabilistic constructions which provided subsets of the real line of fractional
Hausdorff dimension having the same Fourier dimension. In fact, the existence of
sets having this property was first shown by R. Salem [19] and they are named after
him. Later J.-P. Kahane [11] provided a rich class of Salem sets by showing that
images of compact sets of a given Hausdorff dimension under Brownian motion
are almost surely Salem sets.

0.3 Salem’s construction

We begin with a generalization of the classical Cantor type construction (see [24,
p.194]). Let M > 2 be an even integer, N = M™. Choose ¢ € (0,1/N) and
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let points 0 < a1 < az < --- < ay < 1 be given such that they are linearly
independent over the rational numbers and such that

0<a <1/N-¢ and E<ap—ag—1 <1/N, k=2... N. (3)

On an interval [A, B] of length L, we perform a dissection of type (N, ay,...,an, &)
by calling the closed intervals

[A+ Lag, A+ L(ax + &)], k=1,...,N

white and the complementary intervals black. Let E = (§;)r>1 be a sequence such
that .

1———) &< < k> 1.

( 2]€2) é- = gk = 67 =
Starting with Fy = [0,1], we perform a dissection of type (N,ay,...,an, &) and
remove the black intervals, thereby obtaining a set E; which is a union of NV
intervals each of length &;. On each remaining interval we perform a dissection of

type (N, ay,...,an, &), remove the black intervals and so obtain a set Eo of N2
intervals each of length &&5. After n steps we obtain a set F,, of N™ intervals each

of length £1&s...&,. Put
E= ﬂ E,.

n>0

Then F is a perfect set having measure 0 if N"¢" — 0 and Hausdorff dimension
a if we choose £ = N~/
For each n € N, let F), be a continuous nondecreasing function satisfying:

e F,(0)=0for z <0and F,(1) =1 for z > 1.
e F, increases linearly by 1/N™ on each white interval in F,,.
e F, is constant on each black interval in F,,.

Let F = lim,_, F,,. Then F is a nondecreasing continuous function. To com-
pute the Fourier transform of the corresponding measure, we put P(x) =
+ do1<heN e’ Tt is easy to see that
_ ei£1~-~€nz — 1
dF,11(z) = P(x)P(2&1)...P(x&1..8,) ———
1&1..&p

Hence

dF (2) = P(z) [ | P(etr--&n)-

n>1

Note that E and F' do depend on E. The mentioned result of Salem [19] is the
following one

Theorem 0.4. Given € > 0, there is M > 2 and a sequence = as above such that

|dF(z)| < C. |a| 5+



To make the paper self contained we will sketch the proof below. We first
need to get bounds on each individual factor in the product forming dF'.

Lemma 0.5. (i) |P(z)| < 1.

(ii) Let p = 2k be an even integer. Then there exists To = To(N, a;, p) such that
forT >Ty and allb € R

1 btT , P
(T/b 1P(2)| dx) <2

The first part is trivial and for the second we apply to the k-th powers of P
the inequality

=

) [eyey]
7/ |Zce”z\ dx<2|cv|2+z 1SS

T
ot Iy —+|

where the frequencies y lie in a finite set of real numbers. Choosing T large enough
and using the linear independence of the ai’s we may bound the term T'|y — +/|
from below. Then a simple computation gives the bound in the lemma.

Now the random construction comes in. Let (,,n > 1, be a Steinhaus se-
quence, i.e. a sequence of independent random variables mapping [0, 1] onto the
unit cube in infinite dimensions (see [11]). It is known that for measurable functions
f on R¥ we have

1
/ f(Cl(w)v---,CK(w)) dw:/ f(tl,...,tK) dty...dtg.
0 [0,1]%

We put A, = (1 — 517)¢ and let &, (w) = A, + (€ — Ay) ¢ (w). Since [P(z)] < 1 we

get
1 —_—
/ |dE,, (x)|M dw
0

IA

/ P (@) 60 ()| M o
0

K>n>1

[0,1]K

K>n>1
Integrating the last factor in the product with respect to the last variable (x gives
1 b+T
[Pl doc = [ 1P@) s,
[0,1] b

where T' = x&; ... £ (€ — Ag) > Cx €K K2, This last expression is monotone
decreasing in K. Hence, choosing K = K (z) such that C x¢% K=2 > T, we may
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apply Lemma 0.3.2. Moreover, having chosen K we also have, for n < K, that
Cx&"n~2 > Ty. Hence, successive integration yields

1
/ \dF ()M dw
0

IN

[0,1]%

K>n>1

(%) /[ 1 1P G deis

AV g 15p>1
MK
v M
VN '

A simple computation shows, for = sufficiently large, that we can take

1 )logx
VM |log €|’

Hence, for |z| > C(Ty, ) and using o = log N/|log£|, we obtain

K(x)>(1-

al\]

1
/ 1A (2)|Mdw < C |z|” FMA- AR < ¢ g #MO-F),
0

where in the last line we have put N = MM . This gives

1 Q(1-——A) 7 M
/ 3 <|n| 30— |de(en)|) dw < O,
0 >

uniformly for e € [1,2]. Therefore, the series converges for almost every w which
in turn implies

dF,(2)] < Car |2 2079, forae. we [0,1]. (4)

Besides Salem’s result we will need the following regularity property of the
function F = F,, which holds for all w € [0, 1].

Proposition 0.6. There is a constant C, depending only on N such that for xz,y €
R
[F(z) = F(y)| < C |z —y|*

To the prove this let z,y € [0, 1] and suppose that y > x. Since F' is constant
on black intervals complementary to F, we may assume that =,y lie in F. Let k
be the smallest integer such that after k dissections at least two black intervals lie
in [z,y]. Then [z, y] contains a white interval and



Now, after k — 1 dissections there is at most one black interval (a,b) contained in

[, y]. Hence using N = 5% we find

Fly) ~ F(a) = F(y) ~ F() + Fla) ~ F(z) < oy < O € < C (y — )"

Remark 0.7. In [19] R. Salem provides a refined method to construct a monotone
function F whose Fourier transform is of order Q(zx)|xz|=%/2, with Q increasing
slower then any power of x. He achieves this by increasing, at each step of the
dissection, the number of intervals, i.e. Ey is obtained from Ey_1 by performing
a dissection of type (N (k), a(lk), ce ag\lfgk), &) on each interval in Eyx_1 with N (k)
increasing; in fact, we may take N(k) = k + 1. Also, for fized k = 1,2,.. the
& and a;-n) satisfy the conditions in (3) and €™ (1 —1/(n +1)?) < &, < €M
with €™ = N(n)’l/a. In this situation a slight variation of the argument proving
Proposition 0.3.3 gives for the analogous function F':

2

SN NG 2N (k)(EW .. g™,

Now, with the particular choice N (k) = k+1 we find the last term is bounded by a
constant times (k +1)(log(k+ 1))~ (y —2)® (1 +|log(y — z)|). Hence, Stirling’s
formula gives

[F(y) = F(z)] < C ly —=[* (1+ |log(y —z))).

0.8 A restriction theorem on the real line

As an application of Young’s inequality and the fact that the Fourier transform
of the measures constructed by Salem lie in a nontrivial L?(R), one can get a
restriction result for Fourier transforms of functions in L?(R.) for p close to 1 (by
following E.M. Stein’s original argument [9]). To improve on this range we will
prove the following result

Theorem 0.9. Let u be a compactly supported positive measure on R™ which
satisfies the following properties.

(i) There is B > 0 such that |3/\1(x)\ < Clz| 7872,

(ii) There is o > 0 such that pu(Br(z)) < Cr® for every ball B.(x) of radius r
centered at x.

Then, for 1 <p < %, we have

1

( / ﬂ%m)? < O flomn. (5)
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Proof. We have ”fH%z(du) < ||f * @Hp/ I f]l, with p’ the dual exponent of p.

The theorem follows if we can show that the convolution operator Tf = @ * f
is bounded from LP — LP', for p/ > w Let ¢ = ¢(5¢) € C5°, 0 <
¢r < 1, have support in the spherical annulus {2¥~! < |z| < 25*1} and define
¢o € C§°(|z| < 2) such that >, -, px = 1. We decompose T according to this

partition: T'f = >, - Tk f, where T, f = (<pkc/i,t\z) * f. Then by (i) we have

- ke
Tkl s < llgw il < C 2755, ©)
By Plancherel’s Theorem we get for the norm of the operators T}, on L?

| Tkllz—rz < C sup |or * du(z)|

zeR™
1
< C 2k sup /—d y
) Tr ke gy W

= C" 2" sup / / XB - @) (1 + )N dr du(y)

zeR"

= (' 2k seué)n /0 u(B?k( z)) (14+7)"N=1dr.

Using our assumption (i) on the regularity of the measure pu, i.e. /l(BQLk(I')) <
C ro 27k we get

1Tkl |22 < C 257, (7)

Interpolating the bounds (6) and (7) gives

2n—2 3 3
p(asgte g

| TkllLp o < C 2

Hence, summing a geometric series we see that 7= )" T} is bounded from LP to
L¥ for p/ > QW.

As we have seen in the previous section there exist sets F C [0, 1] supporting
a measure dF that satisfies regularity condition (ii) with a = dimy E and the
condition on the Fourier transform in (i) with 8 = a(1 — W) Hence, we get the
following result

Corollary 0.10. Let pg < 2&;2) and choose M in (4) sufficiently large. Then

/E FRAF < C 1B,

where C' depends only on M.

Remark 0.11. (1) For the uniform measure on S™~1, Theorem 0.4.1 gives the
Stein-Tomas theorem except for the endpoint p = 2(n+1)/(n+3). Here a« = n—1,
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which simply follows from S™~! being a smooth (n — 1)-dimensional submanifold
of R" and B =n — 1, reflecting the fact that S"~1 has nonvanishing curvature.

(2) It is an open question whether Corollary 0.4.2 holds for some p in the
interval (%&2:3‘;),%). This is interesting because in case 2/(2 — «) is the right
critical exponent, a localization to scale R seems to shed some new light on the
construction of A(p)-sets.

(8) Suppose E and F are as in the corollary and, moreover, that E has
Hausdorff dimension o = % + €, € > 0. Choosing M large enough we find dF €
LY(R). Then using Plancherel’s theorem we get

\gdF | = /R lgdF « gdFP de < |lg|%, |4,

A factorization argument (see [2]) shows that there is a nonnegative weight function
w with fE wdF =1 such that the measure dy = wdF' satisfies

llgdplla < C llgllLa(an)

for q > 4. It would be interesting to know whether this estimate also holds for some
q < 4.

0.12 Application to multiplier theory

We proceed to construct LP-multipliers on R which may serve as analogues of the
Bochner-Riesz multipliers in R™, n > 1. Suppose that E C [0,1] is a compact set of
Hausdorff dimension « supporting a measure p satisfying both \c/l/:(x)| < Cj |x|_§
and the regularity estimates p(B,(z)) < C r. Let ¢ € C§°([-1,1]),4(0) # 0, be
Y@ >~ 0. For z > 0, we will consider the

= [z[e— 2

an even function and define &, (z)
multipliers given by

m.(z) = / ka( — ) duly).

Let T, be the convolution operator corresponding to the multiplier m_. Obviously,
since k, and p have compact support, the same holds for m,. Furthermore, the
analysis in the proof of Theorem 0.4.1 shows that m, is a bounded measurable
function provided z > 0. Hence, T, is bounded on L?(R). To get a necessary
condition for m, to be a multiplier for LP(R), we note that T, = m, for a
testfunction ¢ satisfying p(z) = 1 for x € supp (m.). Now, assuming m, = c?;\t k. €
LP(R) and using k. (z) ~ C 1(0) |z|~0+2=%) and |du| < C |2|75/2 we find that

/|@|p<1+%<1+zfa>> iz < C /I@Ip ol de < oc.

.. , . . 2 .
Hence, Holder’s inequality gives I,(u) < oo, for all o < PAFZTe—a)" Since

a=dimgF > o we get the necessary condition p > WEM%@) Note that for
this condition we did not use the local regularity of the measure pu.
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Theorem 0.13. Let1 <p < %j‘_‘f;). Then T, is a bounded operator on LP(R)
forp> 722+22_a.
Proof. We proceed as in the proof of Theorem 0.4.1, i.e. we first decompose T,

into dyadic pieces in the same way as in the proof of Theorem 0.4.1; T, f =
zkzo(%@) x f = Zkzo Ty f. To bound the norm of each individual term T} we

note, since ¢, has support in a dyadic interval of length 2%, that it is enough to
establish

Ty f|P dz < C 27K / |fIP dx

{z| |z]<2k+1} {z| |z]<2F}

for some ¢ > 0. Holders inequality implies
1_1
T f oo ol joi<orry < C 28672 | Thfll 2o joj<2r1y)
and, using Plancherel’s theorem, we bound the L?-norm from above by
lprk=dp * 3

ok duy FIE i
16k *dilloe I {I(0ik2)" 1+ dib 1F2 1.

I T5 f1I7 2 (m)

IN

Now, by Fubini’s theorem the above L!'-norm equals [ \(gpkk:)v(x) | {dp *
|f|2(x) } dz, which we estimate further by

o)l sup [ 17~ )Pduty).

Using translation invariance we apply Theorem0.4.1 and see that the last integral
is bounded by || f||2. Hence

ITf 113 < C I (k)| dplloe k)l 13-

Now, since k. is a smooth function which decays like |2|~(1%2~%) we may assume
that &, = 2k(1+2*0‘)g0k k. is a function which shares the same properties as ¢i. As
in the proof of Theorem 0.4.1 we obtain

| [(prka)Y ] * dpt floo < 27FOF279) | @) % dp|| oo < € 27 FUIF270) 2k(1=)
and ||(<pkk:AZ)V||1 < 27 ROFz=a) @Y ||, < C 27F(1+2=2) Collecting terms gives
T flle < 2812002500 £, 8)

and, by summing a geometric series we see, for p > M—ﬁ’ that the operator T,
is bounded on LP(R).

Obviously there is a gap between our necessary and sufficient conditions for
m, to be a multiplier for LP(R). However, since this gap can be made arbitrarily
small we get:
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Corollary 0.14. Let I be an interval and let M,(I) be the algebra consisting of
all LP(R)-multipliers with support in I. Then M,(I) # My(I) for 1 <p < g < 2.

Remark 0.15. In the same way as above we may construct multipliers m, =
k. x dp,z > 0, with du satisfying a better estimate on the Fourier transform side
as noted in Remark 0.3.4. Thenp > Mﬁ is a necessary condition for m, to be a
multiplier for LP(R) and, because the weaker local regularity estimate u(B(z)) <
Cre(1 + |logr|) causes only a power in k in the bound (8), one may close the
mentioned gap in this case. However, the case of the critical line p = 377 a

remains unanswered.
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